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1. Introduction
This  report  is  written   to  highlight  the  importance  of  advanced  engineering  mathematics in   engineering  works. And  in a  particular   sense , how  it  is applied  in the discipline of  civil  engineering.  The structure of the paper is arranged  as to  review  elements of  engineering  mathematics  and   then  progressively    to  topics  of advanced  engineering  Mathematics .
This paper is written to  help  those seeking to understand   advanced  engineering  mathematics  from a  broad sense and its  practical  applications.  Therefore with in mind , each topic is developed   from the  elemental  stage  or formulae  to more   complex  elements.
    












2. Summary
It  is  important to  note  that   mathematics  has  been  the  main component  of philosophical   from which  the sciences  are    born.  It is  through  the  need to  develop  more  precise  knowledge   of the  environment  and how to harness it   for  the  betterment  of  humanity  that   engineering  mathematics   developed. This  report  starts  with a descriptive  narration of  how  mathematics   is  applied  in engineering  from  simple  arithmetic operations  to  numerical  progressions  into  linear   algebra . The  paper  transcends  into  how  calculus  becomes a  more  useful  tool  of solving  complex  engineering  problems of analysis,design and  application  were algebraic operations lack. Engineering  as  an  anchor  of   science sometimes  operates  in environments  of  ambiguity.  Where non  exactness  sometimes  prevails. To overcome, this  predicament advanced  engineering  techniques  are  employed   like  numerical   methods. Another  component  that is  important  for  engineers   in nearly all  disciplines  is  having  an  understanding of  statistical  methods. Statistics  are   an  important   part of  everyday   life   and   having    an  understanding  of how to  manipulate  the  field  data  into meaningful, information requires  knowledge  statistics, probability  theory   and    data   analysis And this  report    covers  important   aspects  of  these   topics. 
The   report’s prime part is the applicability of all these various components  of  advanced  engineering  mathematics. How  the use  of  advanced   mathematics   helps   the  engineer  develop computer algorithms. Which solving of  engineering  problems  easier  and  quicker .The  report  ends  with a  general  recommendations, conclusion  and  bibliography. 

3. Description
Mathematics  is  the  study  of  quantities as  defined  by real  numbers, space, shape, form   or structure  of an  entity   and  change.  Change  which  can be  physical, time  and  space. Mathematics  has it’s  roots  from philosophical  thought.  Mathematics  tries  to define patterns  in form  and  behavior . And  tries  to predict   conclusions , prove   propositions or  hypothesis as  either true  or  false. Therefore, mathematics    can  be  grouped  into two  major  categories  that is  pure or non- applied  and  applied  mathematics. This  paper,  is  written  to  explain , what  applied  mathematics is, from an  engineering  perspective  
3.1 Review of   Mathematical  methods:
There are   several  methods  applied in  engineering mathematics  And most  of these  applicable  mathematical  methods  are there to  evaluate, model  and  tackle  real  engineering problems. In other words  mathematical  techniques   are  used  to develop  models   that will  solve  engineering  problems  to meet  the  needs  of the engineer.
Engineering  Mathematics,  can therefore  employ methods  to solve problems  varying from simple to complex  ones.  The methods  are   defined   in order of  complexity  as  beginning with simple  numerical  approaches   in Arithmetic, then Algebra,  Geometry  Calculus,  transforms,  numerical  methods  and    analytics. These methods are mostly used as applied analysis tools and vary from one engineering discipline  to another. 
In this research paper the study will to applied mathematics   as used   in the various branches of civil   engineering.     



3.1.1 Arithmetic 
 Arithmetic  is a  branch  of  mathematics  that  involves the study  of real numbers  or  integers  by  applying operations such as addition, subtraction, multiplication and division.  It  is  involved  in  application of  number  theory, and  properties of objects  made of numbers  termed as real  numbers , rational numbers and  prime numbers. 
Arithmetic, also  involves  the  study  of  numbers  and  sequences   or  progressions of  numbers.  Therefore, the  basic  laws of  commutativity, associativity   of  addition and  multiplication   and  the  non - commutativity and  associativity of  division and  subtraction  are used to  solve  engineering  problems .  
The  study  of  numbers  and  their  patterns  help  engineers  solve problems  and develop  designs  systems. As  for  example  in  computers , robotics,  civil  and structural  engineering systems,  financial  engineering  and  any system that uses  algorithms  to  get  results. 
Therefore,  engineering mathematics     uses number  systems obeying the   arithmetic  laws. And  the patterns  emanating from these  number systems produce sequences  and progressions.  Which  help  the engineer  arrive  at  a  tangible  model  to solve a problem.  For  example  in the design of  software in civil engineering perhaps water pipe  or  structural  systems a knowledge of  arithmetic sequencing and progression of numbers would be helpful   to  predict  engineering  outcomes mathematically.
 



In a descriptive  sense,  the  above mentioned  notion of an  arithmetic  progression or sequence can be  said to mean   system of numbers  has  a  common  or constant  difference   between any two  numbers  in the set of  numbers  that is repeats itself, and  can therefore   be  presented   by this  formula.
Formula:   1.0
an = a1 +(n-1)d
This  formula  is  derived  from  the  following: 	
 a1+ (a1+2d)+ (a1+3d)+ (a1+4d)….+an
a1+ a2 + a3+ a4 …..= an    therefore :   an = a1 +(n-1)d 
This  means  that  if a  number  series  is :  2,5,8,11,14,17    a  term  in the sequence  can  be  found . Considering  the   following
d=  the constant difference  between  terms, a1=  is  the  initial  term 
an=  the nth term  to be found’ n=  the term Therefore  to find  a the  fourth  term  :
an=2+(4-1)*3 
an= 11
The  twentieth term in this particular  progression would  be 
an=2+(20-1)*3 
an= 59
Instead  of finding  the nth term in a  finite   arithmetic progressions , the sum can also  be  determined   by  the following  expression  :
Formula: 2.0
n(a1 + an)/2 		To  derive  the  above formula  that  is  to  say  for  a positive finite series  as indicated  : 2,5,8,11,14,17  the  sum  can  found  by :   
Where  n= the number of terms 
n(a1 + an)/2     
2+5+8+11+14+17 =  6(2+17)/2  = 57
This  formula  also  works  for all  real  numbers  including  fractions. But  the sum can also  be  arrived by  a mathematical  technique  devised  by  Gauss  as  follows:
S= 2+  5 +   8+ 11+14+ 17
S=17+ 14+ 11+  8+  5+  2   when  the two  lines are  added  up  one  gets 
2S=19+ 19+19+19+19+19 = 6*19
							L
S= 6*19/2 =57  which  can also  be  written  as 	∑  an: SL = L/2(a1+aL)
 							n=1   
where  :	 L =  how many terms  you have
		SL = sum up of  the terms
		 a1= the first term 
		 aL= the last  term 

The  theories  developed  from number  systems  and   the  arithmetic  laws  are  employed in  algebra.  Except  in algebra  instead of using  integers , phonetic letters  are used  in there place  to represent   variables.  And  equation  systems  are  developed . 








3.1.2	Algebra
Algebra  is  a mathematical  system  that     tries to  answer  engineering  questions in the  form of  analytical  problems, the inter relations  and  quantities  to be  equated. That is, algebra  therefore  deals  with equations. And  the  equations  usually use  letters  and  symbols  to indicate  variables . The equations are therefore a mixtures of numbers  and  letters   equating to  something .  This  is to say  algebra is a tool of engineering mathematics  solving problems  by  presenting models of  variability.  This is  true  because  most engineering problems have  a   lot of unknown influences which makes  algebra a suitable  mathematical  tool.  Engineering problems present themselves with various degrees of complexity. This means that, the  algebraic equation used for one  problem may vary in complexity to another depending the accuracy sought. Therefore, the  equations,  employed  develop with  how critical  the problem being tackled will  influence  the desired  engineering outcome.   There  many systems  of  algebraic  equations. These   can  be categorized as: Linear, Quadratic, cubic, polynomial, logarithmic, rational, quinttic , transcendental   and  trigonometric equations to  name  few  and  all  these carry with them the basic fundamentals of arithmetic.  The main three methods  of  solving these system of  equations is  substitution, Elimination  and  matrices.
It therefore, sometimes  does then  become  inevitable  to  breakdown a complex problem into simpler  terms.   Which can then,  be  solved  in single terms by a  linear  approach  and thereby working with the  concept of   linearity in  algebra. It is because of this, that  linear algebra is a much used engineering mathematical tool  for  arriving   at  the desired solution.  

3.2  Linear Algebra 

Linear  algebra is the branch of  mathematic dealing with  vector spaces and linear  transformations . Linear Algebra  is  the study  of  lines in  planes   and  subspaces.  These  spaces can be of  two or three  dimensional  planes.  The lines   in a  vector space are  represented  by points  forming  a  coordinate  system. Which  satisfy  systems of linear  equations. When a  linear equation has  one or two  variables then it is in two  dimensional space . 
A line in the  xy  plane  can be represented algebraically by an equation of the form
a1x + a2y = b
An equation of this kind is called a linear equation in the variables x and y. But when it has three variables  then it is in three dimensional  space.
x - 2y – z   = 1
-x + 3y +3z = 4
2x - 3y + z   = 10
The  number of solutions  of  linear  system of equations , whether of two  or three variables  can  be  as follows;
 1. The system has exactly one solution.
 2. The system has no solution.
 3. The system has infinitely many solutions
There is one  solution when   the lines once graphically represented  intersect at a  single  point.  And  when the  three planes  intersect at more than  one  point  then the systems has  several  solutions.  But if  the  planes  have  no common point  and  the lines appear parallel  in a  plane  then there is no  solution.
A   linear  system  of  equation is used  to  solve   directions of  lines  in vector  space  and this  system of equations can be represented  by  Matrices in vector  space.
A  matrix being   a  rectangular  array  of numbers with  ‘m’  rows  and  ‘n’  columns. And  therefore   can be  used  to  solve  a  system of   equations: Implying equations containing  many different  variables. 
Matrices are therefore mainly used for the solution of multiple linear  equations. That is to  say  ; instead  of  using  substitution  methods, the coefficients of the variables in a  linear simultaneous equation may be shown in matrix form, as  follows. The coefficients of x and y in the simultaneous equations may be represented as follows:
    x + 3y = 5
2x − 10y = 6
Become  in matrix notation  as 
 

Sometimes  an array of  numbers or data  may  also  be  represented  in  matrices  form as  in the  example   below. 
Example: Sales figures
            M  T   W Th   F    S 
Product  1 =   40 33  81  0  21  47   
Product  2 =    0  12  78  50 50  96   
Product  3 =   10 0    0    27 43  78  

for products I, 2 and 3 during 6 days of a week is a 3x6 matrix 


A=   


The  coefficients   of  these  equations below  can   be   written  us  in  matrix  form. 

x- 2x +x =0
2x-8x=8
-4x +5x +9x= -9
  
  
And  this is  called   a  coefficient   matrix  . Whilst adding  the  constants  to  make  an additional column  is  called  an augmented   matrix  of   the  form, as   follows


The  rules of   addition, subtraction , multiplication  and division   are also  applicable to  matrices. Though division of matrices is treated in a special way, left for further discussion.
For  example :  Addition
  + 

 = 




.




For   example : Subtraction 

                                      -=

			= 
Multiplication of  a  matrices   can   be  where  a  number   or   scalar  multiplies a  single  matrix  or  a  single  matrix  is  multiplied by another. This is where  a   single  matrix  results,   in  which it’s   elements   are  a result of  the sum of  the  products  of the   corresponding rows  of the  first  matrix  with  the columns   of the  next  matrix. That is to say the  two matrices namely “A” and  “B”  may be multiplied together, provided the number of elements in the rows of matrix  A are equal to the number of elements in the columns of matrix  B
Example   
       x       

That   is  to say  :  	(0)*(4)+(3)*(-2) =-6 .., (0)*(0)+(3)*(1)=3…,(-1)*(4)+(-4)*(-2)=4..,
			(-1)*(0)+(-4)*(-2)=4..,(-1)*(0)+(-4)*(1)= -4…, (1)*(4)+(2)*(-2)=0
			(1)*(0)	 +(2)*(1)=2	….	
But  it should  be noted  that  the  commutative law  of  multiplying in  algebra  does  not always yield  the same result  in  multiplying the  matrices. The  commutative  law says  
a x b = b x a    ,  
therefore   if  a and  b  represent  the  matrices as   follows: 
   and   b     then  to  multiply  these  matrices    would  be 
a x b  = x  =
=
Matrices  can  be added, subtracted   and  multiplied, but  when  problems  requiring to  divide  two  matrices  arise, other methods  have  to be  used as there is no  division of matrices.  This is when, the use of an Identity or unit matrix and a  determinant  become important. A unit matrix represented  by  I  is of  the form where  the leading  diagonal is represented  by  1   and  the rest  are zeros, as  shown below:
 	
The implication of multiplying a  matrix with  a  unit or  identity  matrix  I  is like multiplying a number  by  one  in normal arithmetic operations. This means in matrix terms  the identity matrix will always produce the same matrix it is  multiplied with and therefore acts as  the number  one.  Invariably  meaning   that   matrix ‘A’  multiplied by an identity matrix of the same  size  in terms of  columns and  rows, will  obey  the commutative  law   IA = AI   .   Being  of equal  size  means   ‘n’ rows and  ‘n’  columns are  equal  that is     I=n x n  equals  to   A=n x n 
The   determinant of  a  matrix  on the other hand   is  also a  tool  used  in  matrices  to effect  divisibility. For  example    a  2  by  2  matrix  would  be  defined  as  
A=  
to  be  a   determinant  the  elements  will  be  transposed    as    (ad- bc) . That is if    real numbers  are used  the determinant  would  be represented   as :
   =  (3x5)-(2x5) = 5 
Implying that  the  determinant  of a  matrix  can  be written as a single  number  5   and   the  determinant  is  expressed   in the   following  matrix  notation :
A=   .  
This  divisibility  is  achieved  by   forming  an   inverse  matrix    and   multiplying  it  with a  nominal  matrix. The result  will be  an identity  matrix. Which when  multiplied with a .It  follows  then  that a   Matrix  A  when  multiplied  with it’s  inverse matrix  A-1 should  yield  one .  And  the  representation of one in  matrix notation is  an  identity matrix..  That is to  say:  in numbers:   
X * 1/X = 1      and    matrices   A* A-1  = I
Therefore  to  get  the inverse matrix  A-1  the original matrix  with it’s elements transposed   will  be divided by the determinant of  the  original  matrix ‘A”   This  will be  as  follows:
A=		A-1=   	
	therefore  A* A-1  = I  will   be
A* A-1  = =  I

3.3 Calculus
Calculus  is  basically used  in  mathematical  modelling were linearity  is  not  occurring. That is the function forming a line when plotted  in  a single plane  graph  forms  curves and is non linear.  Calculus therefore  becomes  a tool for arriving  at  outcomes  which need a  very  high degree of approximation of accuracy  with regards  to solution being sought. Calculus  is has two  distinct  parts   namely  differentiation  and  integration. Where differentiation  or   differential calculus   deals with the instantaneous  rate of   change  of  point on  a  function .  Differentiation can also be termed as the action of computing a derivative.  Where the derivative of a function f(x) of a variable x is a measure of the rate at which the value of the function changes with respect to the change of the variable  at a point of tangent. That is the  derivative measures the instantaneous rate of change of the function, as distinct from its average rate of change, and is defined as the limit of the average rate of change in the function as the length of the interval on which the average is computed tends to zero. The derivative of a function at a chosen input value describes the best linear approximation of the function near that input value. In fact, the derivative at a point of a function of a single variable is the slope of the tangent line to the graph of the function at that point.
The  inverse of  differentiation is called  integration  and  it aims  to reverse the derivative  back  to  the function. Also  integration is  used  to  measure the  magnitude or quantity of  a real number under a  function  or line graph.  
In  the  process  of  integration,  where  in differentiation  is  the  function :
     then     
Therefore , implying that the   integral  of 4x   is       . Thus  were differentiation is  separating parts  integration is  the operation of   summing the  parts .

 In  differentiation, the  differential coefficient      indicates  that the function  of ‘x” is being differentiated  with  respect to ‘x’  whilst  in integration the variable of integration  is  shown by  putting the letter ‘d’  in front of the variable to  be integrated  ‘x’  as follows:

Calculus  has  rules    and     each  branch of  calculus  operates  within  set  theorems  and   rules .  which  have  generated  differing approaches  to   solving  problems  in differential   and  integral calculus. In obtaining  a  derivative  in differentiation  the  following  rules  prevail, while  keeping  in ,mind that the derivative  being sought after is  a  slope  of tangent at a point. Therefore the following rules  apply:
a) Where  a  constant  K  is being differentiated  then there is no slope and the derivative is  Zero:

Also   can  be  considered  as :  
					
Therefore:			

					


And  that proves  that  the derivative of a constant is  zero

b) The   power  rule :  Where  the  function is   f(x) = xn and  n is  a  positive   integer  then if n=1   the  will  be   equal  to   


To  prove  this rule   from first derivative  formular based on the instantaneous rate of  change  as  follows. The  derivative of   f(x) where   x is  to the  power 4  will  be found by the basic formula of a  functions  as  follows:




				 = =
Therefore : 			 				  
Thus :				

c) Constant Multiple Rule : Let f be a function and let k be a constant. Suppose that f is differentiable. Then the function k f is also differentiable. That  is  as follows 



d) The  product  rule: is that  the derivative of a product of two functions is the  first function times the derivative of the second function plus the second  function times the derivative of the function.



e) The  Quotient Rule: is  another of the  differentiation formulas  that enables the computation  of  derivatives of any rational function.



f) The  chain rule  method is that of finding  the derivative of a composite  function.  That is a  function with  a combination of other functions  described as external and  internal  functions, is differentiated by the chain rule. If  h and  g   are  functions   and    are  represented   by the function  f(x)  as follows:

   the  derivative  will  be 
   

The  main  function    is formed  by  inputing  h(x)  into a function   which is considered as an external   function  and   h  as  the internal  or inside function.  Following the chain rule, if you want to find the derivative  of the  main function , you can  do this by taking the  derivative  of the external  function g  and then  multiplying  it by  the derivative of  the  internal function   h .  In  this  way the  derivative  of   is   being  found  by finding the derivative  of  the component  functions. From  these  methods  ways,  can  be   developed   methods to solve   derivatives  of derivatives  which  can  define  second  order derivatives and higher  order  derivatives. For  example   if a    is  a  differentiable  function , and then it’s derivative    is  also a  function . it   may have    as  it’s own derivative  and  is denoted  by’  ’.  The new  function is called  the Second derivative  of  of    is  called the  second  derivative of     because it is the derivative  of       and using the  Leibniz  notation  the second derivative of y=  is  expressed  as :

The  other  distinct  part  of  calculus  is  integration  which  as  mentioned   above is the  inverse  of  differentiation . That  is to  say  to  find  the  function    from the  derivative   . 
Example :   using the power rule  in  differentiating :        we 
Get								  


Therefore  the integral of  4x  is  2x2  that is the integration is having the  initial function  as  stated  above.  The  concept  of  the  antiderivative  is built  within this  solution  too. And  is  exemplified  below :

Example  :	     to  evaluate  this  expression 

		 +      

The  initial function is     whose derivative is    
Therefore  keeping to the  above  the  general solution  for  integrals  is expressed   as  
  and  the  general   solution  of integrals both  indefinite  and  definite  is  :


That  is  saying e   a   and  n  are  constants  so  that  the final expression will  be  

The  contrast  of  indefinite   to  definite  integrals  is that   definite  integrals  are bounded  by limits   called  upper  and  lower limits   and  indefinite  integrals are   have  an arbitrary  constant  ‘c”  . Integration  like  differentiation  has  levels  too. Earlier  it was  mentioned  that differentiating is  from first order going  upwards.  Integration is also  from single  to  double   and triple  integrals   etc..  for   example double and triple integrals have engineering applications in finding areas, masses and forces of two dimensional regions, and in determining volumes, average values of functions, centres of mass, moments of inertia, and surface areas. A multiple integral is a type of definite integral extended to functions of more than one real variable. 
A double  integral  appears  in the form :	    and  is  solved  by   integrating    with respect  to  x  between  the limits  of x =x1   and  x= x2  where y is regarded  as  a  constant    and   the  result of the first  integration is  integrated with respect to y  between the  limits   y = y1   and   y = y2  . The  procedure  being to start  from the  innermost integral  and  then  outwards. 



3.4  Numerical  Methods  
Numerical  methods   are  an   important way of  solving engineering  problems  that may  not present   an exact solution  or perhaps  the  arrival at  the solution may  take  many  computations. Therefore, were  analytical  methods of applying mathematics  fail. Numerical methods are employed  to arrive  at approximate  solutions. Which  are good enough  to  achieve a desired  engineering outcome. There are many numerical  methods  and  the  following are  the  most  used  methods:
a) Euler’s  Method: is  a  method  for approximating  outcomes from differential equations. It  is a  first order  approach  at solving  differential  equations . And  as  such  requires  to  reduce  the  step  h  to  increase  the  accuracy. That is the bigger  the step size  the less accurate the Euler  method.  The  basic  formula  is based  on the  tangent  point  q  on the  curve  and  the  value  is  the  function    . That is to  say a  tangent line  and  the  associated  function  at the  point of contact  to the curve do not  differ  very much  and can be approximated as  the same. This  method is only therefore accurate over small increments or steps. The  formular  for  Euler’s  method  is  

Where   is the  step  size or iteration   as  in the  graph  below  

[image: ]

b) Cauchy- Euler Method:
The Cauchy-Euler method  is an  improved  approach  to   solving  differential  equation   with greater  accuracy  than  the  Euler  method. In  that  it is  aimed  at solving  second   order  linear  ordinary  differential   equations.  The  Cauchy –Euler  equation is in the form of: 
			Eq.12
Where  when the function   g(x) =0  is called   an  homogeneous  equation and  when g(x) ≠0    it  is  a  non-homogeneous  equation.  Therefor to  solve  this  equation where g(x) =0    the appearance  would be  as below:

This will  form the basis  of a  differentiable  Cauchy  Euler    generic  formula.
c) Newton-Raphson  Method  is  a way of finding a root of  a function. That is  a  point where the  function is zero  in relation  to  the x-axis. Therefore to find  a point   where  the  function is zero you approximate  a value near the root  and  calculate the  function  at  your  approximated  number     and  this  may represented  by :

Therefore,   to calculate  the derivative  or  slope  of the  point  above that  is      the tangent  line thus  cuts   the  x-axis  at a  point    closer  to  the  root .   This  new  point  may  called     and  the  difference  between    and  xn   called   delta x   can  put  into  the  formula  as   follows:

What this  means is  that   delta  x  is a  ratio  of   the  function of   divided  by the  derivative and  to  get  xn  the  formular  would  derived as below.    

And  this process  by iteration is  continued   until  the  root is  found  as close  as is  acceptable.  The  Newton-Raphson  method can  therefore, be used  to for any type of  mathematical  equation. 
There  are  many  other  numerical  methods  which  are  used  by  engineers  to  solve  complex  algorithms   and  use  the  iteration  techniques for arriving at an acceptable approximate solution, namely:  Trapezoidal  rule, Simpson’s rule, bisection method, the Runge- Kunta method  etc.. 






3.5  Probability  theory  
Probability is the measure of the likeliness that an event will occur. And  this is  relative to the alternative of  the unlikely hood  of  the event not occurring.  The  set of possible events needs to be known and with  the following conditions. Firstly, prior assumptions in connection to the processes that control  the likely hood need to be ascertained. Then secondly the frequency of the empirical observations of  the past need to be  known. And thirdly, the intuitive or subjective assumptions need also to be confirmed. Probability is quantified as a number between 0 and 1 (where 0 indicates impossibility and 1 indicates certainty). The higher the probability of an event, the more certain that the event will occur.  The   basic  probability  formula  is  follows:

That is Probability, is categorized   in three  major  types, namely: Theoretical, Experimental and   axiomatic  probability.  This is where theoretical probability is based on  chances   of  something happening  for  example if a coin  is tossed  once  the theoretical  probability of it falling to heads  is  50%  or half of  the event.  Whilst experimental  probability is based on observations of an experiment, that is based on the  calculated  number of outcomes  from several trials. Then  finally  axiomatic  probability is  based on a set of rules  or  axioms  set out  by Kolmogorov. 


Axioms  of  Probability  
The probability P(E) of an event E is a real non-negative number in  a range denoted by:
0 ≤ P(E) ≤ 1.
The second  axiom  is that the probability of an inevitable event C is P(C) = 1.0. Hence the probability P(0) of an impossible event equals zero. Whilst, the  Addition axiom states that  the probability that either or both of two events E1 and E2 occurs is
P(E1 ∪ E2) = P(E1) + P(E2) − P(E1 ∩ E2) 
Hence for two mutually exclusive events 
P(E1 ∪ E2) = P(E1) + P(E2) 
The multiplication rule states that the probability that events E1 and E2 both occur can be written as the conditional probability of one with respect to the other (i.e. there is symmetry in E1 and E2 ):
P(E1 ∩ E2) = P(E1 |E2)P(E2) = P(E2 |E1)P(E1) 
If E1 and E2 are independent,
P(E1 |E2) = P(E1) and P(E1 ∩ E2) = P(E1)P(E2)
Whilst Complementary Probability is if E is the event that E does not occur,
P(E ∪ E) = P(E) + P(E) = P(C) = 1
Therefore
P(E) = 1 − P(E) 
On the hand a  Conditional Probability is  represented  that it  follows directly from: 
P(E1 |E2) =P(E1 ∩ E2)P(E2)
And the  Total Probability Theorem by virtue of the multiplication rule it follows that for
events Ei , i = 1, 2,…, n, mutually exclusive and collectively exhaustive (i.e. covering all
possibilities without overlap). In other words all events in a sample  will  have a non zero probability of occurrence  and represented  by the following formula: 
P(A) = P(A|E1)P(E1) + P(A|E2)P(E2)+…+ P(A|En)P(En) 
Bayes’ theorem describes the probability of occurrence of an event related to any condition. It is also considered for the case of conditional probability . Bayes theorem is also known as the formula for the probability of “causes”. For example: if we have to calculate the probability of taking a blue ball from the second bag out of three different bags of balls, where each bag contains three different colour balls namely:  red, blue, black. In this case, the probability of occurrence of an event is calculated depending on other conditions is known as conditional probability. Bayes’ Theorem is expressed by the following  formula :

where A is an event conditional on conditioning event Ec. The latter can be expanded
to the case where there are several conditioning events Ei=1,2…………n



 
3.6 Statistical   Methods
Statistics is a  deliberate science  of collecting, organizing, analyzing  and interpreting  data, for use  in solving  and   understanding  social, scientific and   engineering  problems.
Two  statistical methods  are largely   employed to achieve this  end. These are  namely:  descriptive  and  inferential  statistics.  These  methods  extract  research data   and  provide ways  to  test  the  effectiveness  and  trusty  worthy  of the  research data . 
Descriptive statistical  method   is a quantitative   method   that  uses data  collected  from a   sample   to  generate   numbers.  There are basically five main tools of analysis. These  are   Mean and variance distribution, Standard deviation, Regression, hypothesis  testing and  correlation analysis.
3.6.1 Mean
The first approach to statistical analysis is the  mean value  , also   known as the  average. The  mean  value is   arrived at  by  adding a list  of numbers  or  values and dividing by their   number  in the list. 
This   method  is  quick   and simple  to apply. The  only  disadvantage  is when there is  a great  variance in the   data   amount  being analyzed.   Because if  for example  the   variance  between the  last  highest number  and the  lowest  number   or even  the  next lower number  in the  ascendancy  hierarchy.  The  mean  value  obtained will  not  reflect  the  real  middle  point of  dispersion.


3.6.2 Standard deviation
When  the  aim is to find  the  spread  or dispersion of  the data  around the  mean the  statistical  method  of  Standard deviation is employed.  So  when  a high standard  of deviation is  obtained  that means  there is  a wide spread of data points from the mean or average.  Inversely  a  low  standard  deviation  implies  a low dispersion of data  points from the  mean. Therefore  standard deviation increases  the  reliability  of the  answers sought  and  the result can be used statistically  to  define  the  behavior  of  the  population.
When you’re dealing with a high standard deviation, this points to data that’s spread widely from the mean. Similarly, a low deviation shows that most data is in line with the mean and can also be called the expected value of a set.
Standard deviation is mainly used when you need to determine the dispersion of data points (whether or not they’re clustered).
Let’s say you’re a marketer who recently conducted a customer survey. Once you get the results of the survey, you’re interested in measuring the reliability of the answers in order to predict if a larger group of customers might have the same answers. If a low standard deviation occurs, it would show that the answers can be projected to a larger group of customers.
The formula to calculate the standard deviation is:
σ2 = Σ(x − μ)2/n
where:
σ The symbol for standard deviation i
Σ stands for the sum of the data 
x stands for the value of the dataset 
μ stands for the mean of the data 
σ2 stands for the variance  
n stands for the number of data points in the population
standard  deviation incorporates  the mean  value from the  mean statistical  method and has the inherent weakness when dealing with large dispersion data.  Which  can  misrepresent  the  final  outcome . To  be effective the standard  deviation should be  used in  isolation as a statistical  method.
3.6.3	Regression
The third  statistical  analysis  method  is   regression analysis. Regression is  basically  the  a core  relation tool. In that,  it functions  as  measure  of the relationship between the  dependent variable and the independent  variable. In this case   variable  means  the data sets. In other words  is about how  one variable affects another, or changes in a variable that trigger changes in another, essentially cause and effect. It implies that the outcome is dependent on one or more variables.
The line of  best fit  in a regression graph  shows  the relational best fit  of the  scatter points in  regression analysis graphs and charts.  It  signify whether the relationships between the variables are strong or weak, in addition to showing trends over a specific amount of time.


The  regression formula  is  as  follows:

Where  in the  formula  the  following are  represented:
a=  refers to the y-intercept, the value of y when x = 0
x = s the dependent variable
Y=  is the independent variable
B=  refers to the slope, or rise over run
Regression analysis   has  the  disadvantage  of not putting the  necessary  value  in the  scatter  plot or regression  of the  dispersed data  in the  fringes of the graph. And this  phenomenon  may  skew  the  findings  in  statistical analysis.
3.6.3 Hypothesis testing
This  is  also called  the  T-Testing.  This is were  two set of  random  variables within  a sample  are  tested against  various hypothesis and  assumptions. This method is about testing if a certain arguments  or conclusions  are true for the data set. It allows for comparing the data against various hypotheses and assumptions It can assist in forecasting how decisions made could affect the business.









4.0 General  Analysis
Advanced  engineering  mathematics  is   very  relevant   to civil  engineering  and  there  are  arises  situations  when   the  solving  of:  analysis, design and  project  implementation  problems  may  require  the  use  of    further   computational   methods.  
4.1  Further calculus 
The   Fourier  series or  transform is an  infinite  trigonometric  series this  is different  from the  power series in that  the function is expressed  in powers of  a certain polynomial  but a   Fourier   series  is  an  infinite  trigonometric series  of  a  particular  function. This  can only be obtained   if  one is dealing with a   periodic  function. If  it has  any  discontinuities  then  they  should be finite  but continuous  or of  repeated  periodic function.  Therefore , to obtain  the Fourier series of a  function the  period  it operates  in, needs  to  be  known. Otherwise  the  Fourier  series of  such a  function can  not  obtained.  The  full period of a  function is denoted  by 2L  and  a  half  period  by L  .  The  Fourier  series    can  be  a  Cosine   Series  or  a  Sine  series. .  All  these  define  a  wave  which can be   harmonic  in  nature.  These  can be expressed   as  follows:.


Which  can  be  written as  a   Fourier  Series    Function   as follows :

Now  to  obtain  the  coefficients  of the  Fourier  series    we    use    calculus  integrals  as   follows:
		 formula  1	
	formula  2
	formula  3
The   above  1, 2 and  3  are  known as  the general  formula  for   obtaining  the  coefficients of  periodic functions of the  Fourier  series. 
Where   the  wave lengths  are  not  harmonic or  regular  and  the periods of the functions are   difficult  to determine.  The   fourier  series  integrals   can not  be    solved  and  approximate  methods  of  the  trapezoidal   rules  and  formula  are  employed.
In  case  of  even or odd   functions, that is  to say if f(x)  is  an  even  function then   bn = 0  and  the  Fourier series coefficient  is  obtained through the following formula: 
  	formula  4
formula 5
If  f(x) is  odd  then  a0= 0    and    an =0    and  this means  only  bn       to  be  determined   and   the  coefficient formula  is   now  a  

  formula 6

5  Actualization
Engineering  mathematics  is  an important tool   in  engineering and more especially  in civil engineering because  it   is  the  back bone  of    analysis  and   design  and  implementation of  all  the  projects.    Linear   algebra      helps    the engineer  solve  problems  with  a  lot of unknowns   which   form the  variables in  equations.  For  example  in the  analysis  of a  cantilever  beam with  a point  load  at  the  end.  The  bending  moment  developed from the  is  applied  load  is  a linear   and governed  by the  formula:
MA = F.L    	where the  maximum  bending moment  due  to  the  Load  is   MA 
			And  the  force  “ F”   multiplied  by the  distance  L  from the point of fixation  at the support of the cantilever 
In  the  determination of  a  vertical  liquid pressure on a  body,  algebra  is  used  to  arrive  at suitable depth   for  design  purposes.. If  the engineer  is required to  analyze  the  behavior  of  indeterminate   structures  like  beam, space  frame  structures  more  complex  algorithms  are  devised.  And this  is were  first order, second  order  and  partial  differential calculus is  employed. In cable  stayed  bridges  where  wind loads  will  provide  sway   and  create  harmonics.  The  Fourier  series  provide  engineers  and  programmers  to  develop  solutions  to   predict  sway  and  design lengths of the  cables. Other  transforms   like  the laplace transforms are  beneficial   to  numerical analysis  in   Engineering.  
As  result  of this  course,  the following learning outcomes  are  evident:  application  of  differential  and  integral calculus in analysis  and  design  is now much  more  easily  applied. The connection  of  Engineering  mathematics  to other  components   of   civil  engineering, like  foundation design, structures, fluid  mechanics  is  very  augmented.  Even  the  discovery  of  the  relationship or connectivity  of  the mathematics  even  in  writing   a  thesis .  Collection  and  manipulation of  survey data  from a  population into sampling uses  probability  and  statistical  methods  found  in engineering  mathematics.
 



















6. Discussion
Mathematics   is  the  major   component  of   the  sciences  and   engineering    disciplines.   Most  philosophical  thought  that  has  generated    ideas  of  how  our world   functions ,  have  had  to  have these    assumptions   backed  by   numerical   calculations   to give  them  support  and credit. 
Out of the  need  to better man’s  existence, engineering  disciplines evolved   and  as   the  need  for   greater  efficiency of engineering  systems.  The  mathematics   evolved  with  it . Bringing  with  this evolution more    complex  questions   needing  more  accurate  analysis  leading  to   better   more  durable   design.  Thus   Advanced   engineering mathematics   tries   to   make,   what  ordinary  algebra   and   numeracy could   not  fully accurately  express to be analyzed  and  solved. 
As  technology   advances   and  man  gets  to understand  the  environment he  lives   at  a more  complex  scale.  Advanced   Engineering   mathematics and   it’s now accompanying  computer  algorithms are  the  strength  of  engineering disciplines. Computer  Software  is  increasingly  find  it’s place  in   engineering   mathematics.    And   is   mostly   used  to  solve    complex  problems. The  knowledge  of advanced  engineering   mathematics   gives   mankind   hope to  explore  and  conquer   the universe.  The   Civil  engineer  takes  earth  natural    substances i.e the  materials   and  turns  them into components that  make  human  habitats comfortable  and  healthy.  And  at the heart  of all this is  Advanced engineering  mathematics. 




7. General  Recommendations 
Anyone   wishing  to  enhance  their knowledge  of the  sciences  be  it the  social  sciences,  scientific  knowledge or engineering  will  need  to  apply higher  mathematics Which  ideally  is not    abstract   but   applied  in nature. That is  Mathematics  tailored  to  analyze  and solve real  problems.
The  recommended  approach is  to   treat   advanced  mathematics   as  a  get way  to   exploring  the deeper  questions of  life. Whether it be ,  life and  social   sciences   to   engineering  adventures   into  space .    The  knowledge  that  advanced  mathematical  techniques  were  employed  to  design,  test   and launch  the  James  webb  telescope   into  space, incorporates   an  incredible   foretaste  of the  future of engineering.

8. Conclusions
The  study of  advanced  engineering  mathematics  makes  one have  adequate  tools  to  explore  much  higher  mathematics   and  it’s  related  analysis  tools.   The  consequences  of  this  is  that  the  engineer  incorporating  this  body   of  knowledge  is  more  confident and  productive.  Thus  improving  his  lively hood  and  the community  near  and  far. 
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